We show that a two-dimensional (2D) array of 1D interacting boson tubes has a deconfinement transition between a 1D Mott insulator and a 3D superfluid for commensurate fillings and a dimensional crossover for the incommensurate case. We determine the phase diagram and excitations of this system and discuss the consequences for Bose condensates loaded in 2D optical lattices.
In 1D, interactions cause more drastic effects than in higher dimensions and lead, both for fermions and bosons, to a very peculiar state known as TomonagaLuttinger liquid (TLL) [6, 7, 8] , which by now is theoretically well understood. However, despite the intense theoretical and experimental activity in fermionic systems or spin chains [7] , much less is known when a collection of such 1D systems is coupled. In general, one can expect a dimensional crossover where the system goes from a TLL at high temperature to an anisotropic 3D system with more conventional properties (e.g. a Fermi liquid for fermions, a superfluid for bosons) at low temperature.
The transition is even more drastic and less well understood when, due to the existence of an underlying periodic potential, the 1D system becomes a Mott insulator [9, 10, 11] . Quite generally, the competition between Mott localization and superfluidity leads to interesting phenomena [12] . For coupled 1D chains the competition between the Mott insulating physics and interchain tunneling changes the dimensional crossover into a deconfinement transition where the system goes from a 1D insulator towards a 3D metal or superfluid. For fermions this transition remains a theoretical challenge [13] and has been observed in coupled chain systems such as the organic conductors [14] . For bosons, much less is known even though the problem has been tackled in the context of spin chains (i.e. hard core bosons) [15] or for a bosonic ladder [16] . In general, however, comparison between theory and experiments is rendered difficult by the complex nature of the solid-state materials.
In this paper, motivated by the clean and tunable realization of coupled 1D gases offered by 2D optical lattices [4, 5] , we investigate the deconfinement and dimensional crossover for coupled 1D bosonic systems. We show that this system has indeed a deconfinement transition when it is commensurate with a longitudinally applied periodic potential. In particular, we have obtained for these strongly interacting bosonic systems the phase diagram, the critical temperature, the low energy spectrum, and the momentum distribution. We also discuss the experimental consequences for Bose condensates loaded in 2D optical lattices.
We consider a 2D square lattice of 1D tubes of length L containing N 0 = ρ 0 L bosons with Hamiltonian:
Ψ R (x) is the bosonic field operator at x (the 1D coordinate), and at the lattice coordinate R = (m, n)b where m, n are integers and b the lattice parameter;
the density operator, and u(x) is a periodic potential along the tubes mimicking a lattice and allowing for a Mott transition [9, 10, 11] . For cold bosonic atoms, the interaction potential v(x) = g 1D δ(x), where g 1D ≃ 2hω ⊥ a 3D [17] (a 3D is the 3D scattering length). We assume that the 2D optical lattice is deep enough to use a tunneling description with a nearest neighbor hopping J ≪ µ, with µ the 1D chemical potential. In the last term the sum over R ′ is restricted to the 4 nearest neighbors of each site R. We first focus on the thermodynamic properties (i.e. N 0 → ∞, and L → ∞); finite-size effects will be considered towards the end.
For low-temperature properties of (1), it is convenient to use the so-called bosonization technique [6, 7, 8] .
where δ = 2ρ 0 −G/π is the mismatch between the density ρ 0 and the periodicity of u(x) = u 0 cos Gx. The sound velocity along the 1D tubes is v s ≃ πhρ
2 A/hv s ρ 0 , and
. First we consider the case u 0 = 0 (i.e. g u = 0). This includes the incommensurate case δ = 0 for which the periodic potential u(x) has no effect at low temperatures [9, 10, 11] . In the absence of tunnelling, the system is then a set of isolated TLL's with no true condensate and a power-law decay of phase correlations. The tunneling J will thus induce, at a temperature T c , a dimensional crossover from the TLL behavior at T > T c , towards a 3D true superfluid at low temperatures. To study the crossover, we treat the tunneling term in a mean-field (MF) approximation, taking ψ 0 = Ψ R (x) to be the superfluid order parameter. Thus the problem reduces to
This MF Hamiltonian, describing a single "effective" 1D system, is a sine-Gordon model (SG): its low-energy excitations are (gapped) solitons and breathers [6, 7] . The critical temperature T c is found by the existence of a non-zero solution for ψ 0 . We get, in agreement with [18] ,
where
and B(x) is the Beta function. Above T c , ψ 0 = 0. Below T c , ψ 0 is found by minimizing the total energy density E MF (ψ 0 ) = 4Jψ
, where the second term is the SG model energy density [19] , and ∆ s (ψ 0 ) the soliton gap. Thus, we find that the superfluid or condensate
2K/(4K−1) [25] . In the broken-symmetry (superfluid) phase the system possesses two modes. The Goldstone mode (i.e. oscillations of the order parameter phase) is gapless as a consequence of (global) gauge invariance. The other mode corresponds to oscillations of the order parameter amplitude. To obtain these modes we compute the gaussian fluctuations around the MF solution (random-phase approximation, RPA). Using known properties of correlation functions of the SG model [6, 7] , and within the single-mode approximation (SMA) [15] , we obtain:
where ∆ n = ∆ s sin (nπ/2(8K − 1)) is the energy gap for the n-th breather (n = 1, 2, . .
For weakly interacting bosons (K ≫ 1), the SMA may be inaccurate because the breather excitations of the SG model (3) proliferate [6, 7] . Therefore, to confirm the above results and obtain other properties, we employ a variational approach previously used for coupled spin chains [20] . Within this approach, the Fourier transform of φ R φ R ′ can be shown to be:
The variational parameter α (effective bandwidth) is non-zero only for T < T var c . Thus below T c the system has "phonon" excitations (i.e. the Goldstone mode found above, the other mode is missed by this approach [20] ). These disperse in all directions, as for a standard superfluid. However, for T c < T < µ the phonons propagate only along the 1D tubes and the system is a set of independent TLL's. For T > µ, the properties should be those of a normal (albeit anisotropic) fluid. By solving (7) at T = 0, we find that the effective bandwidth α(T = 0) = α 0 ∼ µ(J/µ) . This has exactly the same form as for the K → ∞ asymptote of the mean field result (4), but with a smaller numerical prefactor. By incorporating some transverse fluctuations, the variational method indeed gives a smaller T c than the MF theory. However, the increase of T c at large K signals that the gas becomes more ideal. Thus T c should reach the limit for an ideal (but anisotropic) 3D Bose gas, which cannot be described by the present approach.
The momentum distribution of the superfluid phase (in the absence of a trap) can be obtained from (7): At T = 0 and small momenta (≪ π/b),
we find an anisotropic generalization of the Bogoliubov result [21] :
which is valid for arbitrary interactions within the tubes (w(Q) is the Fourier transform of the Wannier orbital, which varies slowly with Q).
We next consider the case of a finite commensurate potential (below referred to as Mott potential) applied along the tubes, i.e. u 0 = 0 and δ ≃ 0. In the absence of tunneling, the individual tubes would be Mott insulators [9, 10, 11] . Increasing the tunneling will thus lead to deconfinement (i.e. 1D Mott insulator to 3D superfluid transition). To study this, we write the renormalization group (RG) flow for the couplings:
The coupling g F is generated by the RG and describes an interaction between bosons in neighboring lattice sites; g u and g J compete for 1/4 < K < 2: the relative magnitude of their initial (i.e. bare) values determines which coupling grows faster. The faster growth of one coupling inhibits the other's growth via the renormalization of K: If g u grows faster, K flows towards 0, leading to the 1D Mott insulator, while if g J grows faster, K also grows and leads to the 3D superfluid. To estimate the phase boundary between the 1D Mott insulator and the 3D superfluid, we integrate these equations (at fixed g u (0)) with various g J (0) till the couplings are of order one. The resulting phase boundary is the continuous curve in Fig. 1 . Within RG the transition occurs by the crossing of two strong-coupling fixed points. Thus, although we can correctly extract the phase boundary, RG is unreliable for determining the nature of the transition (i.e. whether superfluidity develops continuously or discontinously as the phase boundary is crossed). In order to clarify this, we solved the problem using mean field theory for the special value K = 1/2 [26] , where the Hamiltonian (2) is mapped [22] to a problem of coupled 1D Heisenberg spin chains which is isotropic in spin space. Thus we find that ψ
u : superfluid coherence develops continuously from zero at J c . For J ≤ J c , ψ 0 = 0 and the system consists of uncoupled 1D Mott insulators. Finally we turn to finite-size effects. In the experiments in 2D optical lattices loaded with ultracold atoms [4, 5] , there is typically ∼ 10 3 − 10 4 of 1D tubes and N 0 ∼ 10 2 − 10 3 atoms per tube. At low temperatures, if J is made very small (i.e. the lattice potential very deep), each 1D tube will behave as an atomic "quantum dot" characterized by a charging energy [27] E C =hπv s /KL [8] . This is to be balanced against the hopping energy E J , which is not just J as the hopping amplitude is renormalized by the creation of virtual sound waves in the 1D tubes. Thus, to study this effect for u 0 = 0, we integrate out the phonons perturbatively in J [28] and arrive at a quantum-phase model:
where N R and φ 0R are the particle-number and phase operators, respectively, at
The renormalized hopping
0 . The model (11) has been extensively studied in the literature in connection with 2D arrays of Josephson junctions. It exhibits a 2D Mott insulator-superfluid transition at a critical value of E J /E C . For commensurate filling N 0 (µ = 0), a Monte Carlo (MC) calculation [23] gives (E J /E C ) c ≃ 0.15. In our case this reduces to (J/µ) c ≃ 0.3N −3/2 0 in the Tonks limit (K ≃ 1) and to (J/µ) c ≃ 0.15N
for weakly interacting bosons (K ≫ 1). Away from commensurate filling (µ = 0), the critical J is reduced as shown in the insert of Fig. 1 , obtained using the MC data from Ref. [23] . Note that in the 2D Mott insulator, only the phase coherence between different tubes of the 2D lattice is lost. There is no gap (apart from the finite size gap) to excitations within each 1D system. This is different from the 1D Mott insulator described above, where all excitations are gapped and any order (even quasi-long range) in the phase is absent. For finite u 0 , when K > ∼ 2, g u flows to zero and the consideration above applies (hence the horizontal and vertical dashed lines in Fig. 1 ). Otherwise (K < ∼ 2), g J flows to zero and the 1D Mott insulator is as before.
In addition to this qualitative influence of finite size, two other effects must be taken into account: (i) Our results for the excitation spectrum extend to finite size by simply taking the lowest available momenta as ∼ 1/size. Then, in the superfluid phase, since the velocity in the transverse direction goes as a power-law in J/µ, the energy of low-lying transverse modes will decrease with decreasing J, in qualitative agreement with Ref. [24] . (ii) Due to the trapping potential, the density vanishes at the ends of each 1D system, allowing the phase to fluctuate freely there [8] , which tends to decrease T c .
The above predictions can be directly tested in 2D optical lattices [4, 5] . In presence of the Mott potential the deconfinement transition is of course the easiest to check. Even without the Mott potential, ψ 2 0 and T c as functions of J/µ, and the change in the momentum distribution from the 1D TLL to the 3D superfluid should be accessible, by releasing the trap and the optical lattice, then measuring the expansion images. Finally, the excitation spectra (5,7) of the superfluid can be measured with Bragg spectroscopy at low momentum transfer.
